We analytically solved the QED⊗QCD coupled DGLAP evolution equations at leading order (LO) quantum electrodynamics (QED) and next to leading order (NLO) quantum chromodynamics (QCD) approximations, using the Laplace transform method and then computed the proton structure function in terms of the unpolarized parton distributions functions. Our analyitical solutions for parton densities are in good agreement with those from CT14QED (1.295 2 < Q 2 < 10 10 ) (Phys. Rev. D 93, 114015 (2016)) global parameterizations and APFEL (A PDF Evolution Library) (2 < Q 2 < 10 8 ) (Computer Physics Communications 185, 1647-1668 (2014 ). We also compared the proton structure function, F p 2 (x, Q 2 ), with experimental data released by the ZEUS and H1 collaborations at HERA. There is a nice agreement between them in the range of low and high x and Q 2 .
Introduction
Accurate determination of the parton distribution function (PDF) inside proton is an essential part of analyzing data in deep-inelastic scattering (DIS) processes.
Precise measurements from high energy hadron colliders such as Tevatron and Large Hadron Collider (LHC) require the inclusion of higher order effects in proton-proton scattering. It seems that the photoninduced Drell-Yan (DY) process such as γγ → l + l − has a significant contribution (∼ 10% ) to the dilepton invariant mass distribution. Recent results from high mass DY production in ATLAS [1] showed that contribution of photon distribution inside proton has the same importance as the other different PDFs set. To calculate the cross section of such DY process, one needs to know the photon distribution function inside proton, γ(x, Q 2 ). Furthermore, because the LHC is really a γγ collider at very high energy, then the determination of photon distribution function inside proton may be an important issue.
There are a few studies about adding the QED corrections to the global parameterizations of PDFs which are based on QCD calculations. The first one have been done by the MRST group [2, 3] and the other analysis are newly released by NNPDF collaboration [4, 5] and CT14QED group [6] .
Here, we will study the analytical solutions for DGLAP evolution equations to obtain the parton distribution functions at NLO QCD and LO QED approximations based on the Laplace transform technique which has introduced by Block et al [7] [8] [9] [10] [11] [12] [13] .
Recently, H. Khanpour et al. [14] calculate the proton structure function and parton distribution functions using the Laplace transform technique at NLO in QCD without QED corrections. They consider the initial value of parton distribution functions from KKT12 [15] and GJR08 [30] codes at Q 2 0 = 2GeV 2 . The Laplace transform method has an ability that the analytical solutions for the QED⊗QCD parton distribution functions are obtained more strictly by using the related kernels and the calculations can be control well. Following our recent works [17] [18] [19] on analytical solution of DGLAP evolution equations based on the Laplace transform, we have used the same method to solve the QED⊗QCD DGLAP evolution equations.
The paper is organized as follows. In Section 2, we review the QED⊗QCD coupled DGLAP evolution equations. In Section 2, we bring out the analytically solutions for the DGLAP evolution equations to calculate the PDFs inside proton based on the Laplace transform. Section 3.3 is devoted to the results for different kind of the parton distribution functions and also the proton structure function. To be sure about correctness of our analytical solutions, the final results were cross-checked with the same results from APFEL (A PDF Evolution Library) program and also with newly released CT14QED code, we are selected our initial inputs from CT14QED code at Q 0 = 1.295 GeV . Finally we give our summary and conclusions in Section4.
REVIEW OF THE QED⊗QCD DGLAP EVOLUTION EQUA-TIONS
The QED⊗QCD DGLAP evolution equations for the quark, gloun and the photon parton densities can be written as [20] [21] [22] :
Where
2 ) and γ(x, Q 2 ) are the i-th quark , i-th antiquark, the gloun and the photon distribution functions, respectively. The ⊗ symbol refers to the convolution integral and the splitting functions in the right-hand side of Eq. 1can be written as,
The running strong coupling a s = α s /2π is determined by
and the electromagnetic coupling constant in the recent studies [3] have been considered α = 1/137, but here we give a = α/2π as follows:
where β 0 = [23] . The LO splitting functions are given by [21] 
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gg used in Eq. 2 are the NLO singlet splitting functions, P
+ and P
− are the NLO non-singlet splitting functions that can be found in Refs. [24, 25] .
For the coupled approach we utilize a PDF basis for the QED⊗QCD DGLAP evolution equations, defined by the following singlet and non-singlet PDF combinations [26] ,
We have found the singlet PDFs evolve as:
and the non-singlet PDFs, obey the evolution equations such as:
In the equations 8and 9 the new splitting functions are calculated as
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where n u and n d are the number of up-and down-type active quark flavors, respectively, and n f = n u +n d .
In the next section, we try to solve the above equations with Laplace transform method.
THE ANALYTICAL SOLUTIONS OF THE QED⊗QCD DGLAP EVOLUTION EQUATIONS
Now, we are in a position to briefly review the method of extracting the PDFs via the analytical solutions of DGLAP evolution equations using the Laplace transform technique. Block et al. , in Ref. [8] , showed that, using the Laplace transform, one can solve the DGLAP evolution equations directly and extract unpolarized parton distribution functions. We will give the details here and review the method for extracting the unpolarized parton distribution functions of QED⊗QCD coupled DGLAP equations at LO QED and NLO QCD approximations. By introducing the variables ν ≡ ln(1/x) and
into the coupled DGLAP equations, one can turn them into coupled convolution equations in ν and τ spaces. We use two Laplace transforms from ν and τ spaces to s and U spaces, respectively, then the DGLAP equations can be solved iteratively by a set of convolution integrals which are dependent on unpolarized parton distribution functions at an initial input scale of Q 2 0 . In the following subsections, 3.1 and 3.2, we present solutions of equations 8 and 9 separately.
The Singlet Solution
By considering the variable changes ν ≡ ln(1/x) and w ≡ ln(1/z), one can rewrite the equations 8 in terms of the convolution integrals, as
Note that we have used the
. Using this fact that the Laplace transform of a convolution simply is the ordinary product of the Laplace transform of the factors, the Laplace transform from ν space to s space convert Eq. 11to ordinary first order differential equations
Here we intend to extend our calculations to the NLO approximation for the ∆, Σ , gluon and photon sectors of unpolarized parton distributions. In this case, to decouple and to solve DGLAP evolution equations 12 we need an extra Laplace transformation from τ space to U space. In the rest of the calculation, the α s (τ )/2π and α(τ )/α s (τ ) are replaced for brevity by a QCD (τ ) and a QED (τ ) , respectively. Therefore the solutions of the first order differential equations in Eq. 12 can be converted to,
To simplify the NLO calculations we use two excellent approximation relations a
, where a 0 = 0.003, a 1 = 0.05 and b 1 = 4.9 and also a QED (τ ) = −ã 0 +ã 1 e −b1τ , whereã 0 = −0.0036 , a 1 = 0.025
b 0 = 0 andb 0 = 0.
After introducing the simplifying notations for the splitting functions, we will have
Therefore, the solutions of the first order differential equations in Eq. 13 can be changed to,
The complete solutions of Eq. 16 can be obtained via iteration processes. The iteration can be continued to any required order but we will restrict our selves in which we get to a sufficient convergence of the solutions. Our results show that the second order of iteration are sufficient to get a reasonable convergence. Using the first inverse Laplace transform technique [13] from U space to τ space, we can obtain the following expression for the distributions,
With the initial input functions for Σ , ∆, gloun and photon sectors of distributions, which are denoted by f 10 (s), f 20 (s), f 30 (s) and f 40 (s), respectively. By the second inverse Laplace transform from s space to ν ≡ ln(1/x) space, we get parton distribution functions in the usual x space.
The Non-Singlet Solution
We perform here the non-singlet solutions of the QED⊗QCD DGLAP evolution equation, 9, using the Laplace transform technique at LO QED and NLO QCD approximations. For the non-singlet distributionŝ F i (ν, τ ), after changing to the variable v ≡ ln(1/x) and the variable τ , we can schematically write the equation 9as
Going to Laplace space s, we can obtain first order differential equations with respect to τ variable for the non-singlet distributions f i,ns (s, τ ), whose solutions are,
For example, for valence quarks, such as U val = x(u(x, Q 2 ) −ū(x, Q 2 )), Φ ns (s) can be written as
where
The τ 2 and τ 3 parameters in Eq. 21 are defined as
The τ 2 parameter is related to the leading order QED running coupling constant. The non-singlet solutions, f i (x, Q 2 ), can be obtained using the non-singlet kernel
Finally, with these two Laplace transforms, the evolution equations 22 can be solved iteratively by a set of convolution integrals which are related to the quark distributions at an initial input scale of Q 2 0 in (x, Q 2 ) space.
RESULTS AND DISCUSSION
In this section, we will present our results that we are obtained for the parton distribution functions and proton structure function, F p 2 (x, Q 2 ), using the Laplace transform technique. The results are displayed in Figs. 1 to 5. It should be noted that we need some initial inputs for PDFs, equations 17 and 22. We borrowed data for initial inputs from CT14QED code [6] at Q 0 = 1.295 GeV , to be sure about the correctness of our solutions. We fit this data with functions in x space and convert these functions by using Laplace Transforms from x space to s space and then use them as the initial conditions to getting solutions for DGLAP equations. These functions are represented in the Table. 1. If the solutions are correct then we expect that our PDFs set and proton structure function have good agreement with those from all global parameterizations (as well as CT14QED) and experimental data.
The valance quark distributions, xU val (x, Q 2 ) and xD val (x, Q 2 ), at LO QED and NLO QCD approximations are depicted in Figs. 1 and 2 . We also compare them with APFEL model results for the different values of Q 2 . The solid curves show our results for the valence quark distributions, and the scatter curves present the APFEL model results. The agreement with both the d and u valance quark distributions, over the large range of x and Q 2 , is excellent. The results show that our analytical solutions for the QED⊗QCD DGLAP evolution equations are correct and these solutions are correctly used to calculate the parton distribution functions.
The comparison photon distribution function, xγ(x, Q 2 ), gloun distribution function, xg(x, Q 2 ),with APFEL and CT14QED models at Q 2 = 10 4 GeV 2 for α s (Q 2 = M 2 z ) = 0.118 is well demonstrated in Fig. 3 . This plot indicates that our results are in good agreement with APFEL and CT14QED models. Also it is clear from this figure for photon distribution function that our results in comparison with the CT14QED In figure 4 we displayed the valance quark distributions at scale of Q 2 = 10 4 GeV 2 . we compared those with the APFEL and CT14QED models. It is shown that with increasing the value of Q 2 , the contribution of valence quarks are decreased. Therefore, we can conclude the photon contribution is now significantly considerable. Fig. 5 displays our analytical sea quark distribution functions at Q 2 = 10 4 GeV 2 . We compared our results with the newly released PDFs global parameterizations from CT14QED [6] and APFEL model. The CT14QED, is the first set of CT14 parton distribution functions obtained by including QED evolution at leading order with next-to-leading order QCD evolution in their global analysis.
It is found that the sea quark distribution functions in comparison with the photon distribution function in the large values of x with increasing the value of Q 2 , contribution of photon is most significant. It may also be noted that in range of high x the photon distribution function is larger than the bottom quark distribution function as increasing the value of Q 2 . It is observed from these figures with increasing the value of Q 2 that the parton distribution functions decrease for the large values of x and increase for the small values of x.
We now proceed by calculating proton structure function. Our aim of to investigate the proton structure function is to compare our results with a physical observable that confirm the correctness of our analytical solutions. The Laplace transform technique is also applied to the proton structure function, F p 2 (x, Q 2 ), which leads to an analytical solution for this function. The method illustrated in this analysis enable us to achieve strictly analytical solution for proton structure function in terms of x variable.
We will yield the total proton structure functions as
are the charm and bottom quarks structure functions. For light quarks, the proton structure function F p,light 2 (x, Q 2 ) in Laplace s space, up to the next-toleading order approximation is given by
where the non-singlet F N S 2 , singlet F S 2 and gloun F G 2 contributions are written as
where the C
q (s) and C The next-to-leading order contribution of heavy quarks, F c,b
2 ), to the proton structure function can be calculated in the fixed flavour number scheme (FFNS) approach [16, [29] [30] [31] [32] [33] [34] .
The heavy quarks structure function, F c,b
and F
2 (x, Q 2 ) are the massive-scheme heavy-quark structure function and the "difference" contribution, respectively. The Laplace Transforms of F (nl) 2 (x, Q 2 ) and F
2 (x, Q 2 ) for charm and bottom quarks, are given by
and
where m c and m b are the charm and bottom quark masses. The coefficient functions C 
CONCLUSIONS
In this paper, we utilized the Laplace transform technique to calculate the Laplace transformation of splitting functions and extract the parton distribution functions of quark, antiquark, gloun and photon inside the proton. Our calculations are done in LO QED and NLO QCD approximations. We finally extracted the unpolarized proton structure functions at the different values of Q 2 . Our results are compared with APFEL and newly released CT14QED codes and also with experimental data which indicate good agreements between them. To determine the proton structure function at any arbitrary Q 2 scale , we only need to know the initial distributions for singlet, gluon, non-singlet and photon distributions at the input scale of Q 2 0 . We borrowed the initial inputs from CT14QED code at Q 0 = 1.295 GeV to be sure about the correctness of our solutions. The solutions are seem to be correct because the parton distribution functions and the proton structure function have good agreement with those from all global parameterizations (as well as CT14QED) and experimental data. In the future work with a global parameterization we can determine these initial inputs. These PDFs can specifically design for use in precision cross section predictions and uncertainties at the LHC.
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APPENDIX: MATHEMATICA PROGRAM OF THE SPLITTING FUNCTIONS
Program containing our results for the Laplace transforms of the splitting functions at LO QED and NLO QCD approximations can be obtained via Email from the authors upon request. 
